Abstract-The use of free vibration in elastic structure can lead to energy-efficient robot locomotion, since it significantly reduces the energy expenditure if properly designed and controlled. However, it is not well understood how to harness the dynamics of free vibration for the robot locomotion, because of the complex dynamics originated in discrete events and energy dissipation during locomotion. From this perspective, the goals of this paper are to propose a design strategy of hopping robot based on elastic curved beams and actuated rotating masses and to identify the minimalistic model that can characterize the basic principle of robot locomotion. Since the robot mainly exhibits vertical hopping, three 1-D models are examined that contain different configurations of simple spring-damper-mass components. The real-world and simulation experiments show that one of the models best characterizes the robot hopping, through analyzing the basic kinematics and negative works in actuation. Based on this model, the self-stability of hopping motion under disturbances is investigated, and design and control parameters are analyzed for the energy-efficient hopping. In addition, further analyses show that this robot can achieve the energy-efficient hopping with the variation in payload, and the source of energy dissipation of the robot hopping is investigated.
I. INTRODUCTION

L
EGGED ROBOT locomotion has been attracting an increasing interest because of the needs of behavioral dexterity and diversity in mobile robot systems. Previously, a number of legged robot platforms were proposed (e.g., [1] - [6] ), and a variety of techniques were reported to synthesize robust gait patterns to deal with different types of environments [7] , [8] . It is, however, still largely unknown how to solve the problems related to energy efficiency of legged robot locomotion even though they have been known as one of the most critical challenges for a long time [9] - [13] .
One of the most energy-efficient legged robots is a passive dynamic walker, which can achieve bipedal locomotion comparable to human walking on a shallow slope without active control or energy input [14] . Based on the passive dynamics, they can also walk on the level ground with small active power sources, and it is reported that their energy efficiency can be comparable to that of humans [15] , [16] . However, these robots require well-defined environment and cannot recover from large disturbances because of the lack of basic stability.
To account for some of the problems in the passive dynamic walkers, many researchers investigated compliant elements in the robot structure, because the compliant dynamics can be used to recycle kinetic energy during locomotion without losing it by impact or deceleration [12] , [17] - [19] . The main body of previous literature in this line of research focused on the so-called spring-mass model, which consists of a point mass and a massless spring [20] , [21] , and they identified that the model can explain some of the underlying mechanical dynamics and its locomotion stability in animal locomotion [22] , [23] . Furthermore, inspired from the research on the spring-mass models, a number of researchers investigated how to reduce energy dissipation during legged locomotion while maintaining stability. As a result, it was reported that the robots, based on these approaches, were able to run and hop at a level of energy efficiency comparable to that of human running [24] , [25] . In addition, a significantly simpler approach to develop energetically efficient hopping robots was also proposed, in which forced oscillation of an elastic curved beam is used as the main drive of hopping robot locomotion [26] - [29] . It turns out that the use of elastic curved beams in hopping robots is beneficial not only to simplify the manufacturing processes but also to reduce energetic cost of locomotion due to the lightweight leg structures and relatively small requirement in actuation. Although these demonstrations in the past are convincing, the underlying principles are still largely unknown to substantially increase the energy efficiency of robot locomotion, and one of the most significant challenges seems to be the identification of simple locomotion models that can be used for the systematic exploration of the complex problem of energy efficiency robot locomotion.
From this perspective, the goal of this paper is to develop a minimalistic model that can be used, on the one hand, for systematic design of energetically efficient hopping robots and, on the other hand, for explaining the basic underlying principles. As it becomes clearer later in this paper, the analysis of energy efficiency is not trivial even in a simple verticalhopping robot because there are many mechanical and control parameters involved in the dynamics. Therefore, in this paper, we start the investigation of hopping behaviors in a simple realworld robot and its model (i.e., a simple spring-mass-damper system) and gradually increase the complexity by including additional masses and spring-damper elements until behaviors of the model match to the real-world robots. In addition, based on the identified minimalistic model, we also investigate the underlying principles and scalability of the proposed approach.
The rest of this paper is structured as follows. In Section II, we describe the target robot platform and its basic behavioral characteristics. Section III presents the models that we investigate in this paper as well as the system identification of them. In Section IV, we explain a comprehensive analysis of models and present their feasibility. Finally, in Section V, we conclude this paper by discussing the implications and future work of this project.
II. VERTICAL-HOPPING ROBOT
In this paper, we introduce a curved-beam robot that was designed to investigate energy-efficient robot locomotion. This section first describes the design of physical experimental platform and then introduces the method of experiment to systematically investigate energy efficiency in robot locomotion.
A. Structure of Robot
As shown in Fig. 1(a) , the robot consists of a body made by an elastic curved beam, a foot base, a payload, and an actuator. The curved beam is made of aluminum and structured into a C-shape, which was found to provide a stable hopping behavior [26] . The foot base is also made of aluminum and has an H-shape structure to provide basic stability during locomotion. Moreover, we employed a dc motor (Maxon RE ∅25 25 mm, 10 W) without any gearbox to maximize the actuation efficiency. At both ends of the drive shaft of the motor, two rotating masses are attached, which provide energy into the whole system for locomotion. The parameters of the robot are given in Table I .
When connected to the power, the dc motor drives the rotating masses around the shaft with approximately constant speed, and this rotation induces centrifugal force. By increasing the angular velocity of these rotating masses, the whole system oscillates with larger amplitude, and at a frequency close to resonance, the base takes off from the ground and the robot starts hopping. If the curved beam is structured into a certain shape, this hopping behavior occurs mainly along the vertical direction, as shown in Fig. 1(b) , which is the target behavior that we investigate in this paper.
B. Experimental Method
By using the robot platform in Fig. 1(a) , a series of hopping experiments was conducted. An indoor flat wooden floor was used as the ground for the robot hopping. A power supply provided a constant voltage that was sufficient to drive the motor on the robot, and the power was measured and recorded. In addition, a commercial motion capture system OptiTrack was employed to track the 3-D trajectories of the robot motion. Its measurement accuracy is less than 1 mm, and the tracking speed is 120 frames/s. As shown in Fig. 1(a) , four markers are attached on the base, top end of the beam, and both ends of the rotating masses of the robot. By using these markers, we were able to record the robot kinematics in a 3-D coordinate system in real time during the experiments.
It is important to note that the robot shown in Fig. 1(a) is able to hop forward or backward by inducing the free vibration [26] . However, in order to simplify the analysis of the dynamics, in this paper, we only focus on the vertical hopping by minimizing horizontal motions. The vertical hopping of this robot can be induced by adjusting the attachment angle of elastic curved beam to the foot base without disturbing the basic hopping dynamics too much. Therefore, by setting the attachment angle such that the primary axis of beam oscillation be upright, the robot hops in a vertical direction only; hence, we are able to analyze behavioral characteristics by using the 1-D spring-damper-mass models that we will explain in the next section. 
C. Energy Efficiency
For a systematic evaluation, here, we define a quantification method of hopping behavior, the so-called Cost of Hopping (CoH), which can be defined as
where E denotes the mechanical energy dissipation in one cycle of stable hopping behavior, while M total , g, and h denote the total mass of the robot, gravity acceleration, and maximum hopping height, respectively. Thus, the goal of energy-efficient vertical hopping is to reduce CoH (i.e., reduce E while increasing M total and h).
From the parameters in Table I , CoH of the robot shown in Fig. 1 
The efficiency of our hopping robot can be further improved as low as 0.19, which will be shown in Section IV-B. With this quantification, the hopping efficiency of our robot can be compared to the other systems. For example, according to [30] , our robot seems to be as efficient as human jumping because the energy efficiency was reported as 3.28. It is, however, important to note that CoH is calculated by the absolute hopping height; thus, a system with a larger leg length has an obvious advantage. In this sense, we could argue that the hopping efficiency of our robot surpassed that of human jumping because the leg length of our robot is 0.45 m as compared to the leg length of human subject, which is 0.9 m. In addition, it is also possible to compare the efficiency of our robot to the other robots in a variety of sizes. The miniature jumping robot, for example, has a leg length of 0.05 m and CoH = 12 [31] , and the ARL Monopod I with a leg length of 0.7 m has a CoH = 1.36 [32] . From this comparison, it can be said that our robot is one of the most energy-efficient hopping robots, because it can still increase efficiency by optimized size, mass, and motor control as it becomes clearer later in this paper. . Three proposed models of the robot, i.e., Models I, II, and III, which we investigate in this paper. Model I is the simplest one, which contains a mass M 2 , a massless spring-damper SP 1 , and an external force f 1 . This model is then enhanced, in Model II, by including an additional mass M 1 . Finally, in Model III, we consider an additional mass M 3 together with another spring-damper SP 2 , which represents the actuated rotating mass in the robot. Six state variables are required to explain the dynamics of Model III, which are the positions of three masses x 1 , x 2 , and x 3 and the velocities of them.
III. SYSTEM IDENTIFICATION
In order to explore the energy-efficient vertical hopping, this section proposes three minimalistic models for the curved-beam robot. Based on these models, the self-stability and hopping behavior of the robot are explored.
A. Assumption of Models
Based on the previous studies on the spring-mass models [20] - [23] , [33] , three minimalistic models are systematically proposed in order to explore the dynamics of hopping robot, which are called Models I, II, and III, as shown in Fig. 2 
(a)-(c).
For the sake of simplicity, only vertical motions of these models are investigated while analyzing the effects of mass distributions, damping, ground impact, and actuation dynamics.
Model I is the simplest spring-mass model, in which the payload and motor are represented by the point mass M 2 and the beam body is abstracted into a vertical massless linear spring SP 1 with stiffness k 1 , viscous damping c 1 , and natural length L 10 . The mass of beam is assumed in M 2 . Regarding the actuation model, the top of beam is mainly driven by a continuous centrifugal force induced by the rotating mass M 3 with a radius of r. Therefore, we can model the force induced by the rotatory part of system exerted on M 2 as an input force of Model I. Assuming that the angular velocity of rotating mass is constant and its gravity is negligible, the input force is considered as a constant rotatory force. As shown in Fig. 3 , the vertical component of such force is assumed to be sinusoidal as follows:
where ω is the angular velocity of rotating mass, F c denotes the amplitude of input force, and ϕ is the angle between the rotating mass with respect to the horizon. Then, F c can be approximated as the centrifugal force of M 3
Note that, although the model in Fig. 2 (a) does not indicate M 3 , the actuation force f 1 considers to be equivalent to the centrifugal force induced by M 3 , which is the reason it appears in (3). In Model II, another point mass M 1 is included, which is attached to the low end of SP 1 to represent the base mass. Model II also employed the same assumption of the actuation in Model I, i.e., a sinusoidal force input is applied as follows:
Again, here, we consider the amplitude of this oscillation F c equivalent to the centrifugal force induced by M 3 , which is shown in (3). In Model III, an additional point mass M 3 is included to represent a rotating mass. As shown in Fig. 3 , the projection of the rotating mass M 3 on the vertical direction can be explained as a vertical vibration around M 2 . Considering the force between M 2 and M 3 , their relative displacement-force response is consistent to the 1-D mass-spring system motion. Therefore, a massless linear spring SP 2 is assumed to connect M 2 and M 3 . k 2 and c 2 denote the stiffness and viscous damper, respectively, and the natural length is L 20 . Consequently, the spring constant k 2 can be approximated as follows:
Here, the relationship between k 2 and M 3 is derived from the fact that the maximum force generated by SP 2 has to match to the projection of centrifugal force of M 3 in the real-world robot onto the vertical plane. In addition, the natural length of SP 2 is assumed to be L 20 = 0, and the energy consumed inside the motor E motor is modeled as equaled to the one consumed on the damping of SP 2 with the coefficient c 2 . Thus, the value of c 2 is dependent on E motor . Note that, due to the physical limitation, it is hard to accurately measure E motor in the real robot so that c 2 cannot be determined by the physical measurement. The input force of the actuator in Model III was formulated as
where F e is the force from the motor exerted on M 3 .
To estimate a reasonable F e , we consider the force exerted on the rotating mass M 3 through the small torque generated by the motor. In the real-world robot experiments, we found that the torque output τ exp and power P exp are very small (approximately 0.08 Ns and 1.5 W), and the fluctuations are almost negligible; thus, we employed the following formula to estimate F e :
B. Dynamics of Models
Based on the assumptions, this section discusses the behaviors of models and investigates the dynamics. In the behaviors of Models I, II, and III, x 1 , x 2 , x 3 ,ẋ 1 ,ẋ 2 ,ẋ 3 , and θ are the state variables of the system, where x 1 (t), x 2 (t), and x 3 (t) denote the heights of M 1 , M 2 , and M 3 , respectively, with respect to the reference ground, whileẋ 1 (t),ẋ 2 (t), andẋ 3 (t) denote the upward velocity. θ(t), i.e., θ(t) = (ωt + ϕmodπ), denotes the phase of sinusoidal input force at time t. Thus, the initial condition variables of the system include x 1 (0), x 2 (0), x 3 (0), x 1 (0),ẋ 2 (0),ẋ 3 (t), and θ(0). Furthermore, the initial phase of control sinusoid θ(0) is actually determined by ϕ. ϕ is thus used for an initial condition variable of system. Fig. 4 shows one-cycle hopping behavior of Model III. Considering the similarities to Model III, the behaviors of Models I and II are not shown. One cycle of behavior includes two phases: stance phase and flight phase (i.e., M 1 contacts the ground or not). f 3 , the unique actuation force of the system, induces the vibrations of M 1 , M 2 , and M 3 . The moment when M 2 reaches the apex point is defined as the starting time T apex . At T apex , the displacement of M 2 with respect to the ground is defined as x 2apex and the velocityẋ 2apex = 0. The phase of f at T apex is θ apex . During the cycle i of the behavior, the system is in the flight phase at T (i) apex . After certain time, M 3 touches down the ground, and the system starts the stance phase. When M 3 takes off from the ground, the system goes back to the flight phase. With the displacement rising, M 3 reaches the maximum height h, which is the hopping height of the system. In the end of cycle i, M 2 reaches the apex point again at T (i+1) apex . To model the transition from a flight to a stance phase, the velocity of base mass is immediately set to zero when the collision happens. It implies that, when the base mass with the velocity ofẋ 1 (T − ) collides the ground at T ,ẋ 1 is set to zero at T + , andẋ 1 will stay at zero until the dynamics enters the flight phase. Here, T − and T + denote the moments before and after touching down. Note that Model I collides the ground without energy loss, since its base mass is zero. During the stance phase, when the spring force of SP 1 is equal to the gravity of M 1 , the dynamics transitions from the stance phase to the flight phase, andẋ 1 starts to accelerate. In Model I, the transition occurs when the spring reaches the natural length L 10 .
This robot hopping behavior shows a typical discrete hybrid dynamics, which includes the flight phase and stance phase. We define Q as the set of discrete phases of [flight, stance] and q as the current phase. Then, the discrete transition is denoted as Define G 1 , G 2 , and G 3 as the gravities of masses and f sp1 and f sp2 as the spring forces of SP 1 and SP 2 , respectively, where the compression forces are defined as positive. Then, the equations of motion of the three models are as follows.
1) Flight phase of Model I:
2) Stance phase of Model I:
3) Flight phase of Model II:
4) Stance phase of Model II:
5) Flight phase of Model III: 
C. Simulation and Experiment Setup
Based on the equations of motion of system (8)- (13), this paper implements several simulations to analyze the system. Before stating the further exploration, this section introduces the setup of simulation. The simulation environment used in this paper is Matlab, and the simulation is running using the variable step integrator ode45 and absolute and relative error tolerance of 10 −10 m. For the stability analysis of locomotion behavior, we compare the state variables at apex. If the distance between subsequent values of all state variables is less than 10 −4 , this motion behavior is considered as a stable periodic hopping. The parameters used in the models are listed in Table II, which  are obtained from Table I or calculated according to (2)- (7), where c 1 and c 2 are not physically measured. This is because the SP 1 exhibits a damping with a nonlinear profile [26] and c 2 is determined by the energy dissipation inside the motor that cannot be measured. The values of c 1 and c 2 in Table II are empirical values obtained in the optimization process.
D. Stability of Models
Prior to further investigation over the hopping behavior of three models, we explore the models' self-stability in this section. A number of simulation trials of hopping are conducted for each model. Every simulation starts at an initial apex point. The relationship between the state variables at T (i) apex and those at T (i+1 apex ) is analyzed by a set of return maps, which are shown in Fig. 5 . Although the models are multidimensional, θ apex and x 2apex can represent the basic stability of the systems; thus, Fig. 5 shows the return maps of only these two variables.
An important finding from the numerical experiments was that all of three simulation models exhibit "self-stabilizing" behaviors even when we start with a variety of initial conditions. More specifically, each of the three models has a specific stable fixed point (indicated by a black dot in Fig. 5 ), which is determined by the design and control parameters, and when we start the simulation with a set of initial conditions near the fixed point, the hopping behaviors always converge to the nominal trajectory. While all three models exhibit the self-stabilizing behaviors, the convergence speed varies as Models I and II are usually faster than Model III. In fact, hopping behaviors of the models can be uniquely determined by a set of design parameters, regardless of initial conditions. The models show certain "self-stability."
Despite the lack of systematic analyses over the system stability, the results in Fig. 5 demonstrate that three models are able to exhibit self-stable hopping. Based on this fact, the investigation on the models' hopping behaviors can be discussed. In the rest of this paper, we only analyze self-stable hopping behaviors for further investigations.
E. Analysis of Hopping Behavior
This section shows a feasibility test of the proposed models with respect to our real-world platform. Based on the registered hopping trajectories of the real-world platform (explained in Section II), we conducted a parameter tuning in the proposed models. Fig. 6 shows the time-series trajectories of the input force f , power P , and all state variables, i.e., x 1 , x 2 , x 3 ,ẋ 1 , x 2 , andẋ 3 in the real-world platform as well as the three models. The experimental results of the robot are shown over ten steps, while the simulation results show trajectories of one step during the self-stabilizing hopping behaviors at fixed points. The identified parameters are shown in Table II .
It is important to note that we calculated the force and power in the simulation as follows. First, although, in Models I and II, f 1 and f 2 are plotted as the input forces directly in Fig. 6 , we consider the spring force f sp2 exerted on M 2 by SP 2 in Model III. As for the experimental results of the real-world robot, we computed the vertical component of centrifugal force induced by the rotating mass, which is estimated by the angular velocity components of motion capture data and the known rotating mass. Second, the input power to each model P 1 , P 2 , and P 3 can be obtained by
In contrast, the input power to the real-world robot was estimated from the consumed electric power measured at the power supply and considering the vertical velocity component of the rotating mass (see more details in Section II).
By observing the trajectories of x 2 , x 3 ,ẋ 2 , andẋ 3 , the behaviors of all three models can match accurately to those of the real-world robot when the model parameters are properly adjusted. More specifically, all three models are able to hop at a constant period, approximately 0.35 s, which is also the case with the behaviors of the robot. Also, the amplitude, offset, and phase delay of the fluctuation in However, a significant difference is observed in the hopping height (x 1 andẋ 1 ), as well as force and power plot in Fig. 6 . Specifically, the hopping height of Models I and II is approximately twice as large as those of the robots and Model III (i.e., 0.04 versus 0.02 m), and the similar large differences are also observed in the trajectories ofẋ 1 . Moreover, the trajectories of force and power in Models I and II are delayed by approximately π/2 compared to those of the robot and Model III, which could never be adjusted over the entire range of model parameters. It is important to note that the phase delays in Models I and II are crucial for the investigation of energy efficiency, because the phase shifts resulted in the negative work of actuation (i.e., the negative power of Models I and II in Fig. 6 ) which does not reflect the real-world experiments.
In summary, these experimental results indicated three findings about the dynamics of the real-world hopping robot. First, from the experimental results in Section III-D, all of the three models can represent the self-stabilizing characteristics that were observed in the real-world robot. Second, the basic trajectories of the hopping behaviors (i.e., six state variables) can also be represented by all three models when the model parameters are adjusted. Third, the force generated by the rotating masses and the input power to the system can be only reproduced in the three-mass model (Model III), and the use of one-or two-mass models results in miscalculation of energy efficiency due to the neglect of rotating-mass dynamics. Given these considerations, we conclude that Model III is the minimal model that explains both the hopping dynamics of the real-world robot and its characteristics of energy efficiency.
IV. SIMULATION RESULTS
Based on Model III, this section investigates the effect of the control parameters on the vertical-hopping behavior. Through this experiment, we explore design parameters of the real-world robot for improving energy efficiency of vertical hopping. Furthermore, we also explore the influences of design parameters with respect to payload and rotating mass. The source of energy loss during the hopping is also analyzed, which provides a strategic plan of design optimization.
A. Effect of Control Parameters
This section first explores the influence of control parameters in Model III, which are the amplitude of input force F e and angular velocity of rotating mass ω. Given a curved-beam robot platform in Fig. 1(a) , the stable vertical-hopping behavior can be found by regulating these two control parameters. The design parameters in Table II are still used for Model III. The periodic stable behaviors are searched in the parameter space of 14.5-23 rad/s for ω and 0.4-1 N for F e . Fig. 7(a) and (b) shows the maximum hopping height h and the energy dissipation E in one-cycle hopping. E is calculated by
where T is the period of one cycle. Every point in the gray area stands for a set of F e and ω which can achieve a stable hopping behavior. The gradient in these figures implies the hopping height and input energy during one cycle of hopping. The experimental results in the previous section h and E are also presented in the figures, which are marked by red solid points.
There are two main implications that we can observe in these figures. First, energy consumption is almost proportional to F e , as the lower the F e is, the lower the energy consumption [as shown in Fig. 7(b) ]. This principle is, however, bounded by the locomotion stability and the resonance frequency, where a close-to-resonance frequency (between ω = 17 and 18 rad/s) increases energy consumption (the resonance frequency of the system when fixed on the ground is approximately 20.7 rad/s). Second, both hopping height and energy consumption decrease as we decrease F e and increase ω [toward the lower right edges in Fig. 7(a) and (b) ].
These results were also observed in the robot hopping experiments. The real-world experiment shown in the previous section is located at the lower left edge in Fig. 7(a) and (b) . This is mainly because a low F e resulted in no sufficient input energy to the robot for hopping, and ω needs to be in a middlerange value, since the control frequency has to approach to the near-to resonance frequency of the system. 
B. Analysis of Energy Efficiency
This section shows the scalability of the proposed approach with respect to the body mass and energy efficiency. By using both the real-world robot and the simulation model, we analyze how CoH is related to body mass, hopping height, and energy expenditure during stable hopping and identify the underlying mechanisms for the scalability.
In the first set of experiments, we explored how the realworld robot platform exhibits stable hopping under different body masses. In these experiments, we made use of the same robot shown in Fig. 1(a) and Table I , and we explored CoH when different masses are added to the top of the real-world robot (i.e., three different variations of M 2 = 0.2, 0.47, and 0.7 kg). In order to minimize CoH, we heuristically searched the input power to the motor such that the robot exhibits the lowest CoH while compromising with hopping height. As a result of the optimization, we found that the best performance can be achieved when the rotating mass is 0.012 kg and the input power is 0.15 W. The experimental results are shown in Fig. 8 . In general, the figure shows that the proposed approach can be used for stable hopping with different payloads while CoH is to be maintained between 0.19 and 0.35, which is significantly lower than the experiment in Fig. 6 . Given these experimental results, we also investigated Model III to figure out whether similar characteristics can be observed. In the numerical simulation, we employed the values of the frequency ω, payload M 2 , and rotating mass M 3 used in the experiment while the values of rest parameters came from Table II . We conducted an optimization over the parameters of power input F e and damping coefficients c 1 and c 2 in the simulation to make the trajectories of input power close to the experimental results. We found that Model III is capable of exhibiting similar stable hopping with respect to maximum hopping height and efficiency under different payloads (see dashed lines in Fig. 8 ). While the input power in the simulation is close to the one in the real-world experiment, the hopping height differs. This is because of a number of assumptions inside Model III, e.g., the curved beam is considered as a linear spring in Model III while it exhibits a nonlinear profile. Although there exists a difference from the real-world experiment, Model III as a minimalistic model is demonstrated to be able to characterize the robot hopping and show similar performance with different payloads.
Although we were not able to increase body and rotating masses due to the hardware limitations in the curved beam and electric motor, the following analysis shows further details on the scalability of the proposed approach by investigating Model III. Here, we applied different M 2 and M 3 values, while maintaining the rest of the parameters unchanged, as shown in Table II . To analyze the relationship between CoH and body masses, the open parameter (i.e., control parameters F e ) was adjusted for stable vertical hopping with the lowest CoH, and the results are plotted in Fig. 9 (a) together with the hopping height and energy consumption.
By observing the plots of different payloads in Fig. 9(a) , there is a minimum CoH that requires an intermediate M 3 . Small M 3 leads to a significant increase of CoH, while excessively large M 3 increases CoH slowly. Fig. 9(b) and (c) also shows that E and h both rise with M 3 and a larger M 2 results in a gentler rising slope. Moreover, the plots of CoH with the same M 3 decrease when M 2 becomes larger, which means that a larger payload is helpful to gain a lower CoH.
In order to further analyze the source of energy consumption, the energy consumed in the damping of springs SP 1 and SP 2 and collision in one-cycle stable behavior are shown in Fig. 10 . Here, only the results of the system with M 2 = 0.7 kg are shown. As shown in the figure, the energy consumption in collision for each system is small compared to the spring damping. It is reasonable as a small base mass is used to considerably reduce the energy loss in collision. Interestingly, the energy consumed in the damping of spring SP 2 falls with M 3 , while the one for the spring SP 1 rises. This is because the amplitude of compression of the spring SP 1 is strengthened as M 3 rises, while the one for the spring SP 2 falls. It shows that the increase of rotating mass weakens the relative vibration between the rotating mass and payload, which implies that the radius of rotating mass is shortened. Therefore, the value of M 3 has an upper bound due to this physical constraint in the experiment. Above all, the amount of the energy dissipation of the system is mainly determined by the damping of the spring SP 1 (i.e., the damping of elastic body). Thus, the damping coefficient c 1 should be first considered to reduce during the design of the robot. 
V. CONCLUSION
This paper has presented a series of experiments, modeling, and design analysis of a curved-beam robot that we developed. By quantifying the energy efficiency of hopping behavior, i.e., CoH, we evaluated our robot as compared to a few different systems including human and other robots. Through the system identification with a few different minimalistic models, we found that our robot has an intrinsic stability in hopping behaviors while keeping the energy dissipation very low. The self-stabilizing characteristic is particularly important in our framework because it allows us to systematically analyze the design space, which is the main driving force of hopping behaviors. Through the numerical simulation and real-world experiments of various design and control parameters, we further identified the strategy to optimize our robots for better hopping performances. In principle, our approach is fairly scalable with respect to the size and payload, while the motor control (i.e., rotating mass, rotational radius, and frequency) has to be adjusted accordingly. Furthermore, we also identified that the damping of the leg spring is the main source of energy dissipation because the comparatively small mass on the foot does not cause significant energy loss at impact. Therefore, the next important step of this research is to improve the damping characteristics in the body structure of the robot.
In general, the energy efficiency of robotic systems is not a trivial problem to theoretically estimate because energy consumption of real-world systems involves many complex physical processes for modeling and simulation, such as friction, impact, and damping in nonlinear dynamics as well as material properties and chemical reactions for energy conversion in batteries, for example. Nevertheless, we hope that the minimalistic approach, as we presented in this paper, will help in understanding a basic strategy to fundamentally improve energy efficiency of robotic systems. In the future, it is also expected to investigate how the basic strategy can be extended to more complex ones, including those which carry more spring-mass-damper components.
